Abstract-A non-orthogonal multicarrier signal, termed spectrally efficient frequency division multiplexing (SEFDM), is investigated in this work. It improves spectral efficiency by compressing sub-carrier spacing below the symbol rate at the cost of self-created inter carrier interference (ICI). Sphere decoding (SD) is an efficient method to recover signals approaching maximum likelihood (ML) performance. However, the complexity of the SD approaches that of ML with the increase of system size. Studies in this work show that for a small number of sub-carriers, SEFDM signals with low order modulation formats outperform spectral efficiency equivalent OFDM signals modulated by higher order modulation symbols. A key achievement is that 16QAM SEFDM signal outperforms 64QAM OFDM signal at high / 0 of the same spectral efficiency. In order to maintain the performance benefit and reduce the complexity of SD for large size SEFDM signals, multi-sphere decoding for a multi-block architecture is applied. For a large number of sub-carriers, the multi-sphere architecture works well for SEFDM signals modulated by 4QAM symbols. Whilst for 16QAM symbols, the performance is related to the number of sub-carriers. This work offers an efficient detection solution for SEFDM signals and reveals challenges. It paves the way for future study of signal detection of large size interfered multicarrier signals.
I. INTRODUCTION
Since the commercial deployment of 4 ℎ generation (4G) long term evolution (LTE) [1] networks, research into next generation networks has been developing rapidly with significant achievements [2] , [3] , [4] . Although future 5 ℎ generation (5G) standard (or standards) are still not fixed, one of the most important requirements is higher spectral efficiency. In the 5G research community, several groups are working to solidify the reality of 5G. There are many techniques aiming to achieve the aforementioned goal such as new waveform design [5] , [6] , non-orthogonal multiple access [7] , massive multiple input multiple output (MIMO) [8] and millimeter wave [9] . New waveforms are capable of supporting a greater density of users, higher data rate and more efficient use of spectrum resources. There are two propositions to achieve this are; first, reducing frequency spacing between adjacent carriers; second, send data faster. Generally, both of these methods will require non-orthogonal signals, which will either compress bandwidth using spectrally efficient frequency division multiplexing (SEFDM) signals [5] , [10] , [11] or save time using faster than Nyquist (FTN) signals [6] . This work is focused on SEFDM signals with research ongoing since 2003 [5] with considerable effort dedicated to signal detection [12] , [13] , [14] , [15] .
The challenge for SEFDM is to recover signals from selfcreated inter carrier interference (ICI). The optimal detector is maximum likelihood (ML) where exponentially increasing complexity prohibits practical use. For the purpose of reducing complexity, a sub-optimal detector, termed sphere decoding (SD) [16] , was initially proposed to decouple MIMO channels [17] and later adapted for SEFDM [12] . For small size systems, SD has a reasonable performance/complexity tradeoff. For large size systems, a novel block architecture, named Block-SEFDM [18] has been designed and verified. The basic principle is to partition the entire signal band into multiple subbands, therefore, signal detection is simplified and distributed to multiple small sub-bands. This work will first show the performance and complexity of single SD in condition of small number of sub-carriers and various modulation schemes. Furthermore, the work will investigate multi-SD performance and its limitations for systems with a large number of sub-carriers. Results show that for small size systems, single SD works well for SEFDM signals with various modulation schemes. However, for large size systems, the multi-SD is well suited to low order modulation schemes while is sensitive when higher order modulation formats are used due to increased interference.
II. BANDWIDTH SAVING MODEL Fundamentals of SEFDM have been comprehensively studied in [12] , [13] , [14] , [15] . Basically, complex symbols (e.g. M-QAM) are modulated on non-orthogonally packed sub-carriers with a discrete expression as
where is the bandwidth compression factor defined as = Δ , is the period of one SEFDM symbol and Δ denotes is a scaling factor, = and ≥ 1 is the oversampling factor. For OFDM signals = 1, and < 1 for SEFDM. The general comparison between OFDM and SEFDM is shown in Fig. 1 . Fig. 1 (a) demonstrates a typical OFDM spectrum where the sub-carrier spacing Δ 1 equals 1 . Fig. 1 (b) shows a typical SEFDM system with sub-carrier spacing Δ 2 = where < 1. It is apparent that the SEFDM system can save (1 − ) × 100% of bandwidth compared to a typical OFDM system.
The bandwidth of OFDM and SEFDM are expressed in (2) and (3), respectively.
With the increase of , expressions in (2) and (3) can be simplified as
where results indicate given a large number of , the occupied bandwidth of SEFDM is approximately ' ' of that of the OFDM. Furthermore, the sampled version of the signal in (1) can be simply expressed in a matrix form as:
where is a -dimensional vector of time samples, is an -dimensional vector of transmitted symbols and F is a × sub-carrier matrix with elements equal to exp( 
III. INTER CARRIER INTERFERENCE ANALYSIS
At the receiver, defined in (6) is contaminated by additive white Gaussian noise (AWGN) . The received signal is demodulated by correlating with the conjugate sub-carriers F * . The reception process is expressed as
where is an -dimensional vector of demodulated symbols, C is an × correlation matrix which is defined as C = F * F, where F * denotes the × conjugate subcarrier matrix with elements equal to
and F * is the AWGN correlated with the conjugate sub-carriers. Interference from non-orthogonal packed sub-carriers can be defined by using the correlation matrix C, where elements in the matrix is expressed as
In order to simplify the ICI analysis, the interference to the first sub-carrier is studied. Therefore, the first demodulated symbol (0) derived from (7) is given as
where the first term on the right hand side indicates the desired signal and the second term is the self-created ICI component. When =1, therefore an OFDM system, the ICI component is zero. is located at =0. In this analysis, power is normalized for desired signals. For the OFDM case, green curve shows no ICI since all the values beyond =0 are zeros. However, it is not the case for SEFDM signals since non-zero values are evident within this range. In addition, on the second sub-carrier, the red curve ( =0.6) shows a much higher absolute value than the blue curve ( =0.8). This indicates that systems of =0.6 would result in worse performance compared with systems of =0.8 since interference mainly comes from adjacent sub-carriers.
The corresponding real and imaginary parts of the absolute values in Fig. 2 are presented in Fig. 3 and Fig. 4 , respectively. It is shown that the interference of =0.6 systems is mainly introduced from the imaginary part, especially the adjacent interference on the second sub-carrier. As explained above, the undesired ICI component is related to . The interference contribution can be evaluated using carrier-to-interference power ratio (CIR), which is equivalent to the ratio of the desired signal power to the ICI power. Therefore, the desired signal power on the first symbol is defined as The ICI power derived from the second term in (9) is given as
Therefore, the CIR is calculated as
where it is apparent that the CIR is a function of and the numerical study of its effect is presented in Fig. 5 . It is noted that the CIR is reduced with the increase of .
IV. BLOCK-SEFDM DESCRIPTIONS
The SEFDM signal in Fig. 1 (b) is detected using a single SD detector. However, the applicability of this method is limited to systems with small number of sub-carriers. For large number of sub-carriers, a good solution is to partition a single long SD detector into multiple shorter detectors, termed multi-SD. Therefore, a new architecture, termed block-spectrally efficient frequency division multiplexing (Block-SEFDM) [18] was proposed based on the multi-SD idea. Basically, the original SEFDM spectrum in Fig. 1 (b) is separated into several blocks and a shorter SD detector can be applied in each. The spectrum partition is illustrated in Fig. 1 (c) where the entire spectrum is evenly partitioned into blocks where each sub-block is composed of sub-carriers and every ( + 1) ℎ sub-carrier is removed. Δ 3 is the sub-carrier spacing and Δ is the guard band between two adjacent blocks. Due to the introduction of , adjacent blocks are nonorthogonally packed. In addition, the guard band Δ reduces spectral efficiency. In order to maintain the same occupied bandwidth, sub-carriers in each block have to be packed more closer leading to a smaller Δ 3 . According to Fig. 1 , the sub-carrier spacing relationship is Δ 3 < Δ 2 < Δ 1 . The Block-SEFDM signal [18] is therefore expressed as
where + is the ℎ symbol modulated in the ℎ block.
The product of and the maximum value of equals . The in-band bandwidth compression factor (BCF) in each block should be smaller than the effective BCF due to the removed sub-carrier between adjacent sub-bands. The bandwidth occupations of SEFDM and Block-SEFDM are given in (14) and (15), respectively.
Therefore, according to (14) and (15), the in-band BCF is calculated as
The proposed spectrum segmentation scheme provides a new way for signal detection. At the receiver, a soft demapping based iterative detection (ID) [14] algorithm is firstly executed to remove the out-of-block interference. Then, a typical SD [12] is adopted in each interference-clean block (e.g. Block 1, Block 2,...) to recover signals. The SD search for the best estimate in SEFDM is defined as
where ∥.∥ denotes the Euclidean norm, is the constellation cardinality, is the set of all the possible symbols combinations.
is the initial radius which equals the distance between the demodulated symbol vector and the initial constrained estimate where is the zero forcing estimate which can be obtained using the rounding function ⌊.⌉ as = ⌊C −1 ⌉.
V. BIT ERROR RATE PERFORMANCE
For small size SEFDM systems such as 16 sub-carriers, the performance of SD for different modulation schemes such as 4QAM and 16QAM is presented in Fig. 6 and Fig.  7 , respectively. Results in both figures confirm that with 20% bandwidth compression (i.e. =0.8) the performance of SEFDM approaches the same modulation scheme based OFDM one. This is consistent with the Mazo's 25% faster than the Nyquist limit [19] . In Fig. 6 , for higher bandwidth saving such as 33% (i.e. =0.67), it shows worse performance than the 4QAM OFDM one but outperforms the spectral efficiency equivalent 8QAM OFDM. It indicates that a low order modulation scheme can replace a higher one with better performance. The same benefit can be observed for 16QAM in Fig. 7 where the 16QAM SEFDM signal ( =0.8) outperforms 32QAM OFDM considering the same spectral efficiency beyond / 0 =7dB. Furthermore, it is proved that the 16QAM SEFDM signal ( =0.67) even outperforms the 64QAM OFDM signal beyond / 0 =11dB in Fig. 7 in the same spectral efficiency. In practical systems, the number of sub-carriers is required to be large enough to combat multipath fading. The effective bandwidth compression factor transformation for SEFDM signals carrying 256 data sub-carriers and 16 sub-carriers in each block, is presented in Table I . Table I  EFFECTIVE BANDWIDTH COMPRESSION FACTOR TRANSFORMATION  ( =256,  =16 The 4QAM SEFDM signals in Fig. 8 maintain the same performance benefits. However, it is not the case for the 16QAM SEFDM signals as illustrated in Fig. 9 . Using 256 data sub-carriers, the performance of the 16QAM modulated SEFDM signal is no longer identical to that of the 16QAM modulated OFDM signal. The BER curve overlaps with the 32QAM result. Three reasons contribute to the reduced Single-SD results for 16QAM SEFDM with various bandwidth compression factors. 32QAM has a spectral efficiency equals to '5' and 16QAM SEFDM with =0.8 has a spectral efficiency equals to '5'. 64QAM has a spectral efficiency equals to '6' and 16QAM SEFDM with =0.67 has a spectral efficiency equals to '6'. performance. First, high in-band self-created ICI; Second, enhanced out-of-block interference and the last one is due to the higher density of 16QAM constellation and the decision reliability is greatly affected. One solution to mitigate the outof-block interference is to use small number of blocks, thus small number of total sub-carriers. The in-band self-created ICI and the superimposed out-of-block interference would be reduced to some extent. The simulated performance is shown in Fig. 9 where a total number of 64 sub-carriers are used and 4 blocks are separated with each has 16 sub-carriers. The interference level, which may be indicated by in-band bandwidth compression factor, is presented in Table II . It is clearly seen that the 20% bandwidth saving SEFDM signal outperforms the 32QAM OFDM signal by 1 dB performance gain at = 10 −3 . However, compared with the 16QAM OFDM signal, the curve is 2 dB away.
VI. COMPLEXITY
The complexity is calculated in terms of real-valued multiplications and real-valued additions. For this we consider operations for detecting each symbol, not the operations required only once in the detection process (e.g. Cholesky Decomposition). In order to clearly show the complexity reduction of using muti-band architecture, a single SD is included for the comparison. A single SD indicates a SD detector for SEFDM signal such as shown in Fig. 1 (b) . It should be noted that due to the random complexity of SD, all the nodes are assumed to be visited in this work indicating the upper bound computational expressions in (19) and (20). However, in practice, only a portion of nodes would be searched because of the search space shrink indicating a much lower computational complexity.
The upper bound computational complexity is shown in Fig.  10 . For the sake of comparison, the number of operations in Fig. 10 is expressed by a logarithmic scale. The starting point of x-axis is =16 sub-carriers and then goes up to =256 sub-carriers. It is clearly seen that the complexity of multi-SD is substantially lower than that of the single SD. The number of operations for both detectors increase with the value of with the single SD detector more significant. It is noted that when =16, they have the same complexity due to the size of each block equals 16. However, the gap becomes more obvious when the number of sub-carriers reaches 256. Based on the previous mathematical analysis in (19) and (20), it is evident that the complexity of multi-SD is proportional to the number of blocks, while in terms of the single SD, its complexity is proportional to the number of sub-carriers. Therefore, it can be inferred from the figure that the multi-band structure is suitable for large size systems while the single-band would be impractical. VII. CONCLUSIONS The performance and complexity of multi-sphere decoding for multi-block structured SEFDM signals are studied in this work. Various modulation schemes and different number of sub-carriers are investigated. The computational complexity shows significant savings of the multi-SD architecture compared to the single SD. In terms of BER performance, for small number of sub-carriers and various modulation schemes, SEFDM signals outperform OFDM singals of same spectral efficiency. A significant example is that 16QAM SEFDM signal outperforms 64QAM OFDM signal at high / 0 of equal spectral efficiency. For systems with a large number of subcarriers, SEFDM signals modulated by 4QAM symbols still outperform spectral efficiency equivalent higher order 8QAM OFDM signals. This verifies the feasibility of the multi-sphere decoding. However, with higher order modulation formats, SEFDM systems performance is strongly compromised by the number of sub-carriers. There are multiple reasons for this with the most significant being intercarrier interference. In order to cope with this challenge, solutions such as increasing the protection guard band and pulse shaping are the subjects of ongoing work.
